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1. Introduction
Conformal transformations play an important role not only in differential geom-
etry but also in application to other branches of science, especially in physics. Con-
formal changes have been investigated in depth in Riemannian geometry by many
authors, cf. for example [7, 10, 17]. They have been also investigated thoroughly in
Finsler geometry [1, 4, 5, 6, 8, 18, 19].
In the present paper we investigate the conformal changes in absolute parallelism
(AP-) geometry. AP-geometry [2, 11, 13, 14, 20, 21] has a very wide spectrum of
applications in physics, especially in the geometrization of physical theories such
general relativity and geometric field theories [3, 9, 12, 15, 16]. It is for this reason
that we have been motivated to study conformality in such geometry.
We investigate the conformal change of the canonical connections of the space
as well as their most important associated tensors. We find out some new conformal
invariants related to some conformal connections in AP-geometry. These invariants
seem to be promising for applications.
1
2. A brief account of AP-geometry
In this section, we give a brief account of the geometry of parallelizable manifolds
or absolute parallelism geometry. For more details, we refer for example to [2, 11, 14,
20, 21].
A parallelizable manifold [2] is an n-dimensional smooth manifold M which ad-
mits n independent global vector fields λ
i
(i = 1, ..., n) on M . Such a space is also
known in the literature as an absolute parallelism (AP-) space or a teleparallel space.
Let λ
i
µ (µ = 1, ..., n) be the coordinate components of the i-th vector field λ
i
. The
covariant components of λµ are given via the relations
λ
i
µ
λ
i
ν = δ
µ
ν , λ
i
µ
λ
j
µ = δij . (2.1)
The Einestein summation convention is applied on both Latin (mesh) and Greek
(world) indices, where all Latin indices are written downward.
The n3 functions Γαµν defined by
Γαµν :=λ
i
α
λ
i
µ,ν (2.2)
transform as the coefficients of a linear connection under a change of coordinates,
where the comma denotes partial differentiation with respect to the coordinate func-
tions. The connection Γαµν is known as the Weitzenbo¨ck connection. It is clearly
non-symmetric; let its torsion tensor be denoted by Λαµν := Γ
α
µν − Γ
α
νµ. One can
show that λµ|ν = 0 = λ
µ
|ν , where the stroke denotes covariant differentiation with
respect to the Weitzenbo¨ck connection (2.2). This relation is known in the literature
as the AP-condition. It is to be noted that the curvature tensor of the Weitzenbo¨ck
connection vanishes identically.
The parallelization vector fields λ
i
define a Riemannian metric on M given by
gµν :=λ
i
µ λ
i
ν
with inverse gµν :=λ
i
µ
λ
i
ν . The Levi-Civita connection associated with gµν is given by
the Christoffel symbols:
◦
Γαµν :=
1
2
gαǫ {gǫν,µ + gǫµ,ν − gµν,ǫ} .
The contortion tensor γαµν is given by
γαµν := Γ
α
µν −
◦
Γαµν =
i
λα
i
λµ ; ν ,
where the semicolon denotes covariant differentiation with respect to
◦
Γαµν .
Summing up, there are associated to an AP-space two remarkable natural con-
nections: the Weitzenbo¨ck connection Γαµν and the Levi-Civita connection
◦
Γαµν .
2
3. Conformal change of AP-space
In this section, we investigate the conformal change of the natural connections,
defined in an AP-space, as well as their associated tensors.
Let (M,
i
λ) be an n-dimensional AP-space. Let Γαµν and
◦
Γαµν be the Weitzenbo¨ck
and Levi-Civita connections, respectively.
Definition 3.1. Two AP-spaces (M,λ
i
) and (M,λ
i
) are said to be conformal (or
conformally related) if there exists a positive smooth function ρ(x) such that
λ
i
µ
= e−ρ(x) λ
i
µ (or λ
i
µ = e
ρ(x)
λ
i
µ), (3.1)
or, equivalently,
gµν = e
2ρ(x)gµν .
Now, we present the conformal change of the most important geometric objects
associated with an AP-space. Let ρµ :=
∂ρ
∂xµ
and ρµ := gµνρν .
Proposition 3.2. Under the conformal change (3.1), we have:
(a) The Weitzenbo¨ck connections Γαµν and Γ
α
µν are related by
Γ
α
µν = Γ
α
µν + δ
α
µρν .
(b) The torsion tensors Λαµν and Λ
α
µν of Γ
α
µν and Γ
α
µν are related by
Λ
α
µν = Λ
α
µν + (δ
α
µρν − δ
α
ν ρµ).
Proposition 3.3. Under the conformal change (3.1), we have:
(a) The Levi-Civita connections
◦
Γαµν and
◦
Γ αµν are related by
◦
Γ αµν =
◦
Γαµν + (δ
α
µρν + δ
α
ν ρµ − gµνρ
α),
(b) The curvature tensors
◦
R αµνσ and
◦
R αµνσ of
◦
Γ αµν and
◦
Γ αµν are related by
1
◦
R αµνσ =
◦
R αµνσ + Uνσ {δ
α
σSµν − gµσS
α
ν } ,
where Sµν := ρµ;ν − ρµρν −
1
2
gµνρ
2, ρ2 := ρǫρǫ and S
α
ν := g
αǫSǫν.
(c) The contortion tensors γαµν and γ
α
µν are related by
γαµν = γ
α
µν − δ
α
ν ρµ + gµνρ
α.
1By the symbol Uµν we mean: Uµν{Aµν} := Aµν −Aνµ
3
4. Conformal connections and invariant tensors
In this section, we construct three conformally invariant tensors in an AP-space.
Definition 4.1. Let (M,λ
i
) be an AP-space. A linear connection Ωαµν is said to be
conformal if it is conformally invariant under the conformal change (3.1): Ω
α
µν = Ω
α
µν .
Theorem A. Let (M,λ
i
) be an AP-space of dimension n ≥ 2. Let Λαµν and Cµ := Λ
ǫ
ǫµ
be respectively the torsion and the contracted torsion associated with the Weitzanbo¨ck
connection Γαµν . The tensors
T αµν := Λ
α
µν −
1
(n− 1)
{
δαµCν − δ
α
νCµ
}
,
Kαµνσ :=
1
(n− 1)
{
δαµCν,σ − δ
α
µCσ,ν
}
,
are conformally invariant. Moreover, the tensors T αµν and K
α
µνσ are precisely the
torsion and curvature tensors of a conformal connection on M .
Proof. Under the conformal change (3.1), using Proposition 3.2(b), we have
Cν = Cν + (n− 1)ρν (4.1)
From which together with Proposition 3.2(b), we obtain
T
α
µν = Λ
α
µν −
1
(n− 1)
{
δαµCν − δ
α
νCµ
}
= Λαµν + (δ
α
µρν − δ
α
ν ρµ)−
1
(n− 1)
{
δαµ(Cν + (n− 1)ρν)− δ
α
ν (Cµ + (n− 1)ρµ)
}
,
= Λαµν −
1
(n− 1)
{
δαµCν − δ
α
νCµ
}
= T αµν .
Similarly, from (4.1), we get
K
α
µνσ =
1
(n− 1)
{
δαµCν,σ − δ
α
µCσ,ν
}
=
1
(n− 1)
{
δαµ (Cν + (n− 1)ρν),σ − δ
α
µ (Cσ + (n− 1)ρσ),ν
}
=
1
(n− 1)
{
δαµCν,σ − δ
α
µCσ,ν
}
= Kαµνσ.
This means that T αµν and K
α
µνσ are conformally invariant.
Now, let us define the connection:
Γαµν := Γ
α
µν −
1
(n− 1)
δαµCν . (4.2)
From (4.2) and (4.1) together with Proposition 3.2(a), we conclude that
Γ
α
µν = Γ
α
µν −
1
(n− 1)
δαµCν
= Γαµν + δ
α
µρν −
1
(n− 1)
δαµ(Cν + (n− 1)ρν)
= Γαµν −
1
(n− 1)
δαµCν = Γ
α
µν ,
4
which shows that the connection Γαµν is conformal. Next, we prove that the tensors
T αµν and K
α
µνσ are respectively the torsion and the curvature tensors of the conformal
connection Γαµν :
Γαµν − Γ
α
νµ = (Γ
α
µν −
1
(n− 1)
δαµCν)− (Γ
α
νµ −
1
(n− 1)
δανCµ)
= Λαµν −
1
(n− 1)
{
δαµCν − δ
α
νCµ
}
= T αµν .
Uνρ{Γ
α
µσ,ν + Γ
ǫ
µσΓ
α
ǫν} = (Γ
α
µσ −
1
(n− 1)
δαµCσ),ν − (Γ
α
µν −
1
(n− 1)
δαµCν),σ
+(Γǫµσ −
1
(n− 1)
δǫµCσ)(Γ
α
ǫν −
1
(n− 1)
δαǫ Cν)
−(Γǫµν −
1
(n− 1)
δǫµCν)(Γ
α
ǫσ −
1
(n− 1)
δαǫ Cσ)
= Γαµσ,ν − Γ
α
µν,σ + Γ
ǫ
µσΓ
α
ǫν − Γ
ǫ
µνΓ
α
ǫσ
−
1
(n− 1)
δαµCσ,ν +
1
(n− 1)
δαµCν,σ
−
1
(n− 1)
ΓαµσCν −
1
(n− 1)
ΓαµνCσ +
1
(n− 1)2
δαµCσCν
+
1
(n− 1)
ΓαµνCσ +
1
(n− 1)
ΓαµσCν −
1
(n− 1)2
δαµCνCσ
= Rαµνσ −
1
(n− 1)
{
δαµCσ,ν − δ
α
µCν,σ
}
=
1
(n− 1)
{
δαµCν,σ − δ
α
µCσ,ν
}
= Kαµνσ,
since the curvature tensor of the Weitzenbo¨ck connection vanishes identically.
This completes the proof.
Let Γ̂αµν be the symmetric part of theWeitzenbo¨ck connection: Γ̂
α
µν =
1
2
(Γαµν+Γ
α
νµ).
This is a symmetric connection with curvature R̂αµνσ [21]. Under the conformal change
(3.1), one can show that:
Γ̂ αµν = Γ̂
α
µν +
1
2
(δαµρν + δ
α
ν ρµ), (4.3)
R̂αµνσ = R̂
α
µνσ +
1
2
Uνσ
{
δασρµ̂|ν +
1
2
δαν ρσρµ
}
, (4.4)
where |̂ denotes the covariant derivatives with respect to Γ̂αµν .
Theorem B. Let (M,λ
i
) be an AP-space of dimension n ≥ 2. The tensor
Bαµνσ :=
1
4
Uν,σ
{
2Λαµν|σ + Λ
ǫ
µνΛ
α
σǫ + Λ
ǫ
σνΛ
α
ǫµ
}
−
1
2(n− 1)
Uν,σ
{
δαµCσ,ν + δ
α
σCµ̂|ν −
1
2(n− 1)
δανCµCσ
}
5
is conformally invariant. Moreover, Bαµνσ is precisely the curvature tensor of a con-
formal connection on M .
Proof. Let the covariant derivative with respect to Γ̂ αµν be denoted by |̂|. Using
Equations (4.1) and (4.3), one can show that
Cσ,ν = Cσ,ν + (n− 1)ρσ,ν
C
µ‖̂ν
= C
µ̂|ν
+ (n− 1)ρ
µ̂|ν
−
1
2
(Cµρν + Cνρµ)− (n− 1)ρµρν ,
We show that the tensor Bαµνσ is conformally invariant. From the above two
relations together with (4.1), (4.4) and Theorem 1(b) of [21], we get, after some
manipulations,
B
α
µνσ = R̂
α
µνσ −
1
2(n− 1)
{δαµCσ,ν − δ
α
µCν,σ + δ
α
σCµ‖̂ν − δ
α
νCµ‖̂σ
−
1
2(n− 1)
δανCµCσ +
1
2(n− 1)
δασCµCν}
= R̂αµνσ +
1
2
{δασρµ̂|ν − δ
α
ν ρµ̂|σ +
1
2
δαν ρσρµ −
1
2
δασρνρµ}
−
1
2(n− 1)
{δαµ(Cσ,ν + (n− 1)ρσ,ν)− δ
α
µ(Cν,σ + (n− 1)ρν,σ)
+δασ (Cµ̂|ν + (n− 1)ρµ̂|ν −
1
2
(Cµρν + Cνρµ)− (n− 1)ρµρν)
−δαν (Cµ̂|σ + (n− 1)ρµ̂|σ −
1
2
(Cµρσ + Cσρµ)− (n− 1)ρµρσ)
−
1
2(n− 1)
δαν (Cµ + (n− 1)ρµ)(Cσ + (n− 1)ρσ)
+
1
2(n− 1)
δασ (Cµ + (n− 1)ρµ)(Cν + (n− 1)ρν)}
= R̂αµνσ −
1
2(n− 1)
{δαµCσ,ν − δ
α
µCν,σ + δ
α
σCµ̂|ν − δ
α
νCµ̂|σ
−
1
2(n− 1)
δανCµCσ +
1
2(n− 1)
δασCµCν} = B
α
µνσ.
Now, define the connection:
Γ̂αµν := Γ̂
α
µν −
1
2(n− 1)
(δαµCν + δ
α
νCµ). (4.5)
One can easily show that this connection is conformal. On the other hand, we prove
that the tensor Bαµνσ is the curvature tensor of the conformal connection Γ̂
α
µν :
6
Uν,σ
{
Γ̂αµσ,ν + Γ̂
ǫ
µσΓ̂
α
ǫν
}
= (Γ̂αµσ −
1
2(n− 1)
(δαµCσ + δ
α
σCµ)),ν − (Γ̂
α
µν −
1
2(n− 1)
(δαµCν + δ
α
νCµ)),σ
+(Γ̂ǫµσ −
1
2(n− 1)
(δǫµCσ + δ
ǫ
σCµ))(Γ̂
α
ǫν −
1
2(n− 1)
(δαǫ Cν + δ
α
νCǫ))
−(Γ̂ǫµν −
1
2(n− 1)
(δǫµCν + δ
ǫ
νCµ))(Γ̂
α
ǫσ −
1
2(n− 1)
(δαǫ Cσ + δ
α
σCǫ))
= Γ̂αµσ,ν − Γ̂
α
µν,σ + Γ̂
ǫ
µσΓ̂
α
ǫν − Γ̂
ǫ
µν Γ̂
α
ǫσ
−
1
2(n− 1)
(δαµCσ,ν + δ
α
σCµ,ν) +
1
2(n− 1)
(δαµCν,σ + δ
α
νCµ,σ)
−
1
2(n− 1)
(Γ̂αµσCν + δ
α
ν Γ̂
ǫ
µσCǫ)−
1
2(n− 1)
(Γ̂αµνCσ + Γ̂
α
σνCµ)
+
1
4(n− 1)2
(δαµCνCσ + δ
α
νCµCσ + δ
α
σCνCµ + δ
α
νCσCµ)
+
1
2(n− 1)
(Γ̂αµνCσ + δ
α
σ Γ̂
ǫ
µνCǫ) +
1
2(n− 1)
(Γ̂αµσCν + Γ̂
α
νσCµ)
−
1
4(n− 1)2
(δαµCσCν + δ
α
σCµCν + δ
α
νCσCµ + δ
α
σCνCµ)
= R̂αµνσ −
1
2(n− 1)
{δαµCσ,ν − δ
α
µCν,σ + δ
α
σCµ̂|ν − δ
α
νCµ̂|σ
−
1
2(n− 1)
δανCµCσ +
1
2(n− 1)
δασCµCν} = B
α
µνσ.
This completes the proof.
The next lemma is used for proving Theorem C below.
Lemma 4.2. Under the conformal change (3.1), we have
(a) Cσ = Cσ + (n− 1)ρσ , C
σ
= e−2ρ(x)(Cσ + (n− 1)ρσ)
(b) C
2
= e−2ρ(x)(C2 + 2(n− 1)Cǫρ
ǫ + (n− 1)2ρ2)
(c) Cµ;;ν = Cµ;ν + (n− 1)ρµ;ν − (Cµρν + Cνρµ − gµνCǫρ
ǫ)− (n− 1)(2ρµρν − gµνρ
2)
(d) C
α
;;ν = e
−2ρ(x){Cα;ν+(n−1)ρ
α
;ν+(δ
α
νC
ǫρǫ−C
αρν−Cνρ
α)+(n−1)(δαν ρ
2−2ραρν)},
where Cα := gαǫCǫ, C
2
:= CǫC
ǫ
and ; and ; ; are the covariant derivatives with respect
to
◦
Γ αµν and
◦
Γ αµν , respectively.
Theorem C. Let (M,λ
i
) be an AP-space of dimension n ≥ 2. The tensor
Qαµνσ := Uν,σ{γ
α
µν|σ + γ
ǫ
µσγ
α
ǫν +
1
2
γαµǫΛ
ǫ
νσ} −
1
(n− 1)
Uν,σ{δ
α
µCσ,ν + δ
α
σCµ;ν + gµσC
α
;ν
−
1
(n− 1)
(δανCµCσ − δ
α
ν gµσC
2 + gµσCνC
α)} (4.6)
7
is conformally invariant. Moreover, Qαµνσ is precisely the curvature tensor of a con-
formal connection on M .
In fact, the proof is similar to that of the preceding theorem, taking into ac-
count Lemma 4.2 above and Theorem 1(c) of [21]. The conformal connection whose
curvature tensor coincides with Qαµνσ is given by
o
Γ
α
µν :=
◦
Γ αµν −
1
(n− 1)
(δαµCν + δ
α
νCµ − gµνC
α).
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